Using the framework of Colombeau algebras of generalized functions, we prove the existence and uniqueness results for global generalized solvability of semi-linear hyperbolic systems with nonlinear nonlocal boundary conditions. We admit strong singularities in the differential equations as well as in the initial and boundary conditions.
Introduction
In the domain, = {(x, t) | 0 < x < l, t > 0} we study the following problem:
(∂ t + (x, t)∂ x )U = F (x, t, U ), (x, t) ∈ ,
U(x, 0) = A(x), x ∈ (0, l),(1)
U i (0, t) = H i (t, V (t)), k + 1 ≤ i ≤ n, t ∈ (0, ∞)

U i (l, t) = H i (t, V (t)),
where U , F , and A are real n-vectors, = diag( 1 , . . . , n ) is a diagonal matrix, 1 , . . . , k < 0, k+1 , . . . , n > 0 for some 1 ≤ k ≤ n, and V (t) = (U 1 (0, t), . .
. , U k (0, t), U k+1 (l, t), . . . , U n (l, t)). Let H = (H 1 , . . . , H n ).
We establish a positive existence-uniqueness result in the full version of the Colombeau algebra of generalized functions G( ) [1] . F and H may be Lipschitz with Colombeau generalized numbers as Lipschitz constants.
Different aspects of the subject are studied in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . A novelty of the article is that it treats, within G( ) strongly singular initial data of the problem, non-linear boundary conditions, and Colombeau-Lipschitz non-linearities in (1) and (3) . The existence-uniqueness result for the non-Lipschitz non-linearities in (1) and (3) is proved in an accompanying paper. 
An existence-uniqueness theorem in the Colombeau algebra
Let ⊂ R n be a domain in R n . Suppose we have a function γ : (0, 1) → (0, ∞). We say that an element U ∈ G( ) is locally of γ -growth, if it has a representative u ∈ E M ( ) (see [1] ) with the following property: For every compact set K ⊂ there is N ∈ N such that for every ϕ ∈ A N (R n ) there exist C > 0 and η > 0 with sup x∈K |u(ϕ ε , x)| ≤ Cγ N (ε) for 0 < ε < η. Let K ⊂ R m be a compact set. Let U (x, y) and V (x, y), as functions of x, are in G(K) for each y ∈ R n . We will say that U is bounded by V and write U ≤ V if U and V have representatives, respectively, u(·, y) ∈ E M (K) and v(·, y) ∈ E M (K) satisfying the following property for some N ∈ N: For every ϕ ∈ A N (R n ) there exists η > 0 such that |u(ϕ ε , x, y)| ≤ v(ϕ ε , x, y) for all x ∈ K, y ∈ R n , and 0 < ε < η. We will write
for each N ∈ N. Assume that
n . A2 All i are locally of γ -growth and invertible on (see the criterion of invertibility for the full version of the Colombeau algebras G( ) in [5] ). A3 ∂ x i for i ≤ n are locally of γ 1 -growth on .
such that for all t ∈ K, i ≤ n, and
Assumptions imposed on i , L F , and L H allow them to be strongly singular. A4-A6 state that, given U ∈ (G( )) n and V ∈ (G[0, ∞)) n , F (x, t, U) and H (t, V ) are well defined in G. We can interpret A7 and A8 as the Lipschitz conditions in the Colombeau sense imposed on F and H . Assumption A10 ensures the compatibility of (2) and (3) of any desired order.
THEOREM 2.1 If A1-A10 are true, (1)-(3) has a unique solution in G( ).
Proof We will first prove the existence of a classical smooth solution to (1)- (3) where the initial data are smooth, satisfy A10, ∇ y F (x, t, y) is bounded on K × R n for every compact K ⊂ , and ∇ z H (t, z) is bounded on K × R n for every compact K ⊂ [0, ∞). In parallel, we will obtain a priori estimates for such a solution. Therewith, we will obtain the existence of a prospective representative u of the solution U in G( ). To finish the existence part of the proof, we will show the moderateness of u.
If all the initial data are smooth, (1)-(3) transforms to
where
Here, ω i (τ ; x, t) denotes the ith characteristic of (1) passing through (x, t) ∈ and t i (x, t) denotes the smallest value of τ ≥ 0 at which
We simplify this notation by dropping T , which will be a constant. Assume that , F , A, and H are smooth and satisfy A10, ∇ y F (x, t, y) is bounded on K × R n for every compact K ⊂ , and ∇ z H (t, z) is bounded on K × R n for every compact K ⊂ [0, ∞). Fix an arbitrary T > 0. We now prove that (5) has a smooth solution in T and obtain a priori estimates. Claim 1. Equation (5) has a unique continuous solution in T . We first prove that there exists a unique solution U ∈ (C( t 0 )) n to (5) for some t 0 > 0 such that
where m = 0. For t ∈ [0, t 0 ] we can express V (t) in the form
Apply the contraction mapping principle to (5) . Applying the operator defined by the right hand side of (5) to continuous functions U 1 and U 2 and considering the difference
We are able to choose t 0 so that t 0 < 1/q 0 . This proves the existence and uniqueness of a (C( t 0 )) n -solution, satisfying the 180 I. Kmit following local a priori estimate:
Note that the value of q 0 depends on T and does not depend on t 0 . This allows us to complete the proof of the claim in T /t 0 steps, iterating local existence-uniqueness result in domains
We also have the global a priori estimate
where P 1,0 is a polynomial of degree 3 T /t 0 with all coefficients identically equal to 1 and P 2,0 is a linear function with positive constant coefficients depending only on T .
Claim 2. Equations (1)-(3) have a unique C
We start with a problem for ∂ x U :
where (R ix U )(x, t) = A i (ω i (0; x, t)) if t i (x, t) = 0 and (R ix U )(x, t)
otherwise. Here, x i = 0 for k + 1 ≤ i ≤ n and x i = l for 1 ≤ i ≤ k. Choose t 1 satisfying the condition (6) with m = 1. Combining (1) with (10) for t ∈ [0, t 1 ], we get
and similarly for k + 1 ≤ i ≤ n. Using the fact that U is a known continuous function (see Claim 1), we now apply the operator defined by the right hand side of (10) 
As q 1 depends on T and does not on t 1 , iteration of the local existence-uniqueness result in domains ( jt 1 ∩ T ) \ (j −1)t 1 , where j ≤ T /t 1 , gives us the global a priori estimate
where P 1,1 is a polynomial of degree 3 T /t 1 with all coefficients identically equal to 1 and P 2,1 is a polynomial of degree 2 with positive constant coefficients depending only on T .
From (1), we now get
, where E U (1, 0; T ) satisfies (13). The claim is proved. We further proceed by induction. Assume that (5) has a unique C m−1 ( T )-solution.
Claim 3. Equations (1)-(3) has a unique C m ( T )-solution.
Suitable differentiations and integrations of (1)- (3) gives us a problem for ∂ m x U . Taking into account the induction assumption, we apply the contraction mapping principle to the operator defined by the right-hand side of this problem. It is not difficult to prove that the operator has the contraction property with respect to t m for some t m > 0 such that (6) 
( t m )-solution to (1)-(3). Iterating this local existence-uniqueness result in
we complete the proof of the claim in T /t m steps. In parallel, we arrive at the following global estimate:
Here P 1,m is a polynomial of degree 3 T /t m with all coefficients identically equal to 1. Furthermore, P 2,m is a polynomial whose degree depends on m, but neither on T nor on t m , and whose coefficients are positive constants depending only on m and T . The existence and uniqueness of a C
x,t ( T )-solution, where α 1 + α 2 = m, now follow from (1) and its suitable differentiations. The respective global a priori estimates for E U (α 1 , α 2 ; T ) are easy to obtain from (14) and the induction assumption. The claim is proved.
The classical smooth solution U to (1)- (3) satisfying (14) in T for any m ∈ N 0 can be constructed by the sequential approximation method. We now use this solution to construct a representative of the Colombeau solution. Now , A, F , H , L F , and L H are Colombeau elements and we choose their representatives λ, a, f , h, L f , and L h with the properties required in the theorem. Let φ = ϕ ⊗ ϕ ∈ A 0 (R 2 ). Consider a representative u = u(φ, x, t) of U which is the classical smooth solution to (1)- (3) (u 1 (φ, 0, t), . . . , u k (φ, 0, t), u k+1 (φ, l, t), . . . , u n (φ, l, t) ). For the existence part of the proof, we have to show that u ∈ E M , i.e. to obtain moderate growth estimates for u(φ ε , x, t) in terms of ε. u(φ, x, t), λ(φ, x, t), a(ϕ, x), f (φ, x, t, u(φ, x, t)), h(ϕ, t, v(ϕ, t) ), L f (φ, x, t), and L h (ϕ, t), respectively. It suffices to prove the moderate estimates for p 1,m 
with initial data λ(φ, x, t), a(ϕ, x), f (φ, x, t, u(φ, x, t)), h(ϕ, t, v(ϕ, t)), L f (φ, x, t), L h (ϕ, t), where v(ϕ, t) =
x, t), A(x), F (x, t, U (x, t)), H (t, V (t)), L F (x, t), and L H (t) are replaced by their representatives
Taking into account (4), for each m and for small enough ε we have
As ϕ ∈ A N (R) is arbitrary, we conclude that for all m and all
. This proves the moderateness of p 1,m (ϕ) for all m ∈ N 0 . One can easily see that for As p 2,m (ϕ ε ) is a polynomial whose degree does not depend on ε, the moderateness of p 2,m (ϕ) becomes obvious. The moderateness of E u (m, 0; T ) now follows from the asymptotics of p 1,m (ϕ ε ) as ε → 0. The moderateness property of E u (α 1 , α 2 ; T ) for all other α 1 and α 2 such that α 1 + α 2 = m is a consequence of the moderateness of E u (m, 0; T ), the system (1), its suitable differentiations, and the induction assumption.
As T > 0 is arbitrary, the existence part of the proof is complete. The proof of the uniqueness part follows the same scheme.
